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Abstract 

This is an expanded version of the talk I gave at the Oberwolfach workshop on Co- 
homological Aspects of Hamiltonian Group Actions and Toric Varieties, MIT and several 
other universities. For a real Lie group G acting on a manifold M, I give definitions of 
G-equivariant cohomology and G-equivariant forms on M . Let g be the Lie algebra of G, 
and let a{X) be an equivariantly closed form on M depending on X G g. For X S g, we 
denote by the set of zeroes of the vector field on M induced by the infinitesimal action 
of X. Then the integral localization formula says that the integral of ot{X) can be expressed 
as a sum over the set of zeroes M-^ of certain local quantities of Al and a: 

/ a{X) — ^ local invariant of M and a at p. 

For compact groups this result was proved by N. Berline and M. Vergne jBVl| and inde- 
pendently by M. Atiyah and R. Bott |AB| more than twenty years ago, but practically no 
progress had been made until very recently in generalizing it to non-compact group actions. 

I use an interplay between recent results from representation theory and algebraic geom- 
etry to find such a generalization (jS)). This generalization provides, for instance, a geometric 
proof of the integral character formula from representation theory. These results strongly 
suggest that many theorems which were previously known in the compact group setting only 
can be generalized to non-compact groups. The main purpose of these notes is to explain 
the new localization formula and to describe the setting suitable for studying non-compact 
group actions. 
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1 Equivariant cohomology 

Let G be a real Lie group acting continuously on a topological space X. We make absolutely no 
assumption on compactness of G and we copy the definition of equivariant cohomology given 
in Section 1.1 of |GSj for compact groups. 

Definition 1 We define the G-equivariant cohomology of X to he the ordinary cohomology of 
the quotient space {X x E)/G: 

H*a{X) =def H*{{X X E)/G), 

where E is any contractible space on which G acts freely and the projection E E/G is a 
(locally trivial) fiber bundle. 

Remark 2 The argument given in Section 1.1 of ^GSI shows that the above definition is in- 
dependent of the choice of E, provided that such a space exists. If G acts on X freely, then 
H*^{X)=H{X/G). 

We still need to show that there exists a contractible space E on which G acts freely and 
which forms a fiber bundle E E/G. For this purpose we assume that G is linear, i.e. that 
G is a Lie subgroup of GL{n), for some n G N. Then we can make a trivial modification of the 
construction of the space E given in Section 1.2 in [(irSj . 

Let L^[0,oo) denote the space of square integrable functions on the positive real numbers 
relatively to the standard Lebesgue measure. This space comes equipped with an inner product 
which gives it the norm topology and makes it a Hilbert space. Consider the space of n-frames 

E = {¥ = {fl, . . . , fn) G -^^^[0, oo) X • • • X L^[0, oo); fi, ■ ■ ■ , fn are linearly independent} 

which is an open subset of L^[0, oo) x • • • x L^[0, oo) equipped with the product topology. We 
define the action of G on ii^ by 

n 

9 ■ ifl, ■ ■ ■ , fn) = (A, ■ ■ ■ ,fn), fi = ^ Ojj/j, 

i=i 

where g £ G C GL{n) is represented by an invertible n x n matrix (oij). Clearly, G acts on E 
continuously and freely. 

Let E' C E denote the subset of n-tuples of functions which all vanish on the interval [0, 1]. 

Lemma 3 The subset E' is a deformation retract of E. 

Proof. For any / G L^[0, oo) define Ttf by 

f for < a; < t; 

1 f{x — t) for t < X < oo. 



Ttfix) 
Define 



T^f = (Ttfu Ttfn) for f = (/i, . . . , fn) G L^[0, oo) X • • • X L'[0, oo). 

Since Tj preserves linear independence we see that Tt is a deformation retract of E into E' . 
□ 



2 



Proposition 4 The space E is contractible and the projection E -» E/G is a (locally trivial) 
fiber bundle. 

Proof. To prove that E is contractible it is sufficient to show that E' is contractible to a point 
within E. Pick an n-frame g = {gi, . . . , gn) E E such that all its components are supported in 
[0, 1]. For each f = (/i, ...,/„) G we define 

Rtf = [tgi + (1 - . . . tgn + (1 - t)fn) , te[0,l]. 

Clearly, Rt(-E') C E for all t and is a continuous deformation of E' to g within E. 

It remains to show that p : E -» E/G is a fiber bundle. Suppose first that G = GL{n). Pick 
a Hilbert space orthonormal basis {vi,V2, ■ ■ - ^ of L^[0, oo). For each sequence of n different 
integers 1 < ii < i2 < • • • < in < oo we set M^^^ ^ ^ = M-span olvi^,... in L^[0, oo), and 
define 



_ f f \ ^ p orthogonal projections of /i, ...,/„ 1 

k 1*1, ...,«„} jJl,. ..,«„} J 

The sets are G-invariant and form an open covering of E. Hence their projections 

{p(t^{ii,...,i„})}i<ii<i2< - <in<oo form an open covering of E/G. Note that every element f G 
U{ii,...,in} t)e uniquely written as f = • f, where g^ G GL{n) and f = (/{, . . . , /^) G -E 
is such that the orthogonal projections of /(,..., onto M^j^ ^^-j^ are Vi^,. . . , Vi^ respectively. 
The maps 'P{i^,...,i„} : C/{n,...,i„} ^ G x p{U{i^^,„^i^}) defined by 

¥'{n,...,j„} : f ^ (ff,P(f))> 

provide a triviahzation of ^ over each 

Finally, if G is a proper subgroup of GL{n), then p : E -» E/G is a puUback of ^ 
E/GL{n): 

E — ^ E 

i i 
E/G — > E/GL{n) 

hence a locally trivial fiber bundle too. □ 



2 Restricting to subgroups 

Let C G be a Lie subgroup. If is a contractible space on which G acts freely and which 
forms a fiber bundle E E/G, then the pullback diagram of fiber bundles 

E — ^ E 

i i 
E/K — ^ E/G 

shows that E "works" for K as well. Thus we have a map on equivariant cohomology 

res% : H^X) ^ H*^iX) 
induced by the projection of spaces and the map on ordinary cohomology 

{X X E)/K {X X E)/G and H*{{X x E)/G) ^ H*{{X x E)/K). 
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This map on equivariant cohomology res^ is canonical in the sense that it does not depend on 
the choice of space E (which can be proved by the same argument that shows that Definition 
n does not depend on the choice of E) . 

Note that (X x E)/K ^ {X x E)/G is a fiber bundle with fiber over each point homeomor- 
phic to the homogeneous space G/K. Hence we get a spectral sequence relating the equivariant 
cohomologies Hq{X), H'^{X) and the ordinary cohomology H*{G/K). In particular, 
Proposition 5 Suppose that the homogeneous space G/K is contractihle. Then the restriction 
map 

res% : H*a{X) ^ H*j,{X) 

is an isomorphism. 

Two special cases are worth mentioning: 
Corollary 6 Suppose that the group G is simply connected nilpotent, then 

H*g{X) ~ H*{X). 

Proof. Let K be the trivial subgroup {e}. Since G is simply connected nilpotent, it is diffeo- 
morphic to its Lie algebra via the exponential map (see |Knj . for instance), hence contractible 
and 

resg} : H*a{X)^Hl^^{X) ^ H*{X). □ 

Corollary 7 Suppose that the group G is linear reductive and K C G is a maximal compact 
subgroup, then 

res% : H*g{X) ^ H*j,{X) 

is an isomorphism. 

Proof. Every reductive group has a Cartan decomposition (see |Knj . for instance) which implies 
G/K is contractible. □ 

The last corollary implies that the twisted deRham complex (see |(tS) . for instance) used 
to compute the i^-equivariant cohomology can also be used to compute the G-equivariant 
cohomology. It may appear at first that there is no interesting equivariant cohomology theory 
for non-compact reductive groups since everything just gets reduced to the action of their 
maximal compact subgroups. We will see in Section El that it is not so. 

3 Equivariant forms and localization 

Equivariant forms were introduced in 1950 by Henri Cartan |Calj . |Ca2j (see also |BGVj 
and |iGS] ). Let G be a real Lie group acting on an oriented manifold M, let g be the Lie algebra 
of K, and let 17* (M) denote the algebra of smooth differential forms on M. Recall that a 
G-equivariant form is a map a : q ^ Q*{M) such that 

a{X) = g-^ ■ a{Ad{g)X) yxeg, geG. 

If the group G is commutative (the circle group is a very interesting example), then a 
G-equivariant form is really a G- invariant map q 0*(M). 
We define a twisted deRham differential by 

{deguiva){X) = d{a{X)) + i{YFx){a{X)), 



4 



where d denotes the ordinary deRham differential and t(VFx) denotes contraction by the 
vector field VFx induced by the infinitesimal action of X on M. The map d^quiv preserves 
G-equivariant forms and (df.quiv)'^ = 0. 

Equivariantly closed forms occur naturally in symplectic geometry. If M has a G-invariant 
symplectic form uj which admits a moment map fj, : M ^ q* for the action of G, then u + fi 
and e^~^^ are equivariantly closed forms. (See Chapter 9 of |GSj for details.) 

Let r2^(M) denote the complex of G-equivariant forms which depend on X £ q polynomially 
and the degree of an element a : g — > Q*(M) is defined as twice its degree as a polynomial on g 
plus the degree of the differential form in r2*(M). H. Cartan proved in |Calj and |Ca2j (see also 
|GSj ) that, when the group G is compact, this complex Qq(M) computes the G-equivariant 
cohomology of M. For this reason equivariant forms are very important and ^Iq{M) is called 
the twisted deRham complex. 

If a is a possibly non-homogeneous equivariant differential form, aj/.] denotes its homoge- 
neous component of degree k. For X S g, we denote by M-^ the set of zeroes of the vector field 
VFx on M. Let us assume for simplicity that the manifold M is compact and the set of zeroes 
is discrete (hence finite). Then the integral localization formula can be stated as follows: 
Theorem 8 (Theorem 7.11 in iBGV) ) Suppose that the group G is compact and a : g — > ^}*(M) 
is an equivariant form such that dequivCa = Q (i.e. a is equivariantly closed). Then 



f r.(Y\ ( 9^WimM/2 V- «(^)[0](^) (.^ 

where Lp : TpM TpM is a linear automorphism of the tangent space at p induced by the Lie 
action of —YFx on M, and det^/^(Lp) is a canonically defined flBCrV^ . Section 7.2) square 
root of the determinant of this transformation depending only on the orientation of TpM. 

This result relates a global object (i.e. integral) with locally defined objects such as the 
quotients ^W^"'!'') zeroes p £ . It was originally proved by N. Berline and M. Vergne 

|BVlj and independently by M. Atiyah and R. Bott |AB| . In symplectic geometry this result 
is often called the Duistermaat-Heckman theorem. 

There is a similar localization formula when the set of zeroes is not discrete, then the 
summation over is replaced with integration |BGVj . Compactness of M is not essential 
either. For example, the Fourier transform of a coadjoint orbit was originally computed by 
W. Rossmann jRolj . Then N. Berline and M. Vergne pV2j found an easier computation of the 
Fourier transform essentially by applying to an integral over the coadjoint orbit (which is 
not compact) and making sure that everything decays fast at infinity and the integral converges. 
This localization formula has many other applications; we will mention one more in the next 
section. Unfortunately, this formula fails when the acting Lie group G is not compact: there 
simply may not be enough fixed points present. 

Example 9 Let G = SL{2,M). Then there exists an essentially unique 5^(2, M)-invariant 
symmetric bilinear form i? on g = sl(2,M), say B{X,Y) is the Killing form Ti {ad{X)ad(Y)). 
This bilinear form B induces an 5^(2, M)-equivariant isomorphism / : s[(2,]R) ^5l(2,R)*. Let 

O C s[(2,M)* denote the coadjoint orbit of / ^ '^^ . Like all coadjoint orbits, O possesses 

a canonical symplectic form uj which is the top degree part of a certain equivariantly closed 
2-form. Although O is not compact, the symplectic volume uj still exists as a distribution on 
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s[(2,M). Let s[(2,M)'^p;.j C s[(2,M) be the open subset consisting of X G s[(2,R) with distinct 
real eigenvalues. Now, if we take any element X G s[(2, M)^,^^^^, then one can see that the vector 
field on O generated by X has no zeroes, i.e. 0^ = 0. Thus if there were a fixed point integral 
localization formula like in the case of compact groups, this formula would suggest that the 
distribution determined by JqUJ vanishes on the open set s[(2, R)^^;^^. But it is known that the 
restriction J^lj to s[(2,M)^pj^^ is not zero. □ 

On the other hand, recent results from representation theory, namely the two character 
formulas for representations of reductive Lie groups due to M. Kashiwara, W. Rossmann, 
W. Schmid and K. Vilonen described in |Schj . |SchV2j strongly suggest that integral local- 
ization formula should extend to actions of non-compact groups. The above example illustrates 
some of the obvious obstacles to having a localization formula when the acting group G is not 
compact: 

• In order to have a truly new result where the action of G does not factor through action 
of some compact group we must allow non-compact manifolds or Borel-Moore homology 
cycles with infinite support. But then we need to worry about convergence of the integral. 
We will resolve this problem by restricting the class of forms that we will integrate and by 
introducing a new (weaker) notion of convergence of integrals in the sense of distributions 
on Q. 

• For an arbitrary cycle with infinite support, the fixed points tend to "run away to infinity." 
This happens in total analogy with the failure of the Lefschetz fixed point formula for 
non-compact spaces. We will describe a class of cycles for which all fixed points are 
accounted for. Even if a cycle does not contain enough fixed points, it may be possible to 
deform it into a new cycle for which the localization formula is known to be true and the 
integral stays unchanged. I make an attempt to study such deformations in |L3j . 



4 Some representation theory 

Recall that q is the Lie algebra of a Lie group G. Let 0c = ®K C be the complexified Lie 
algebra. Then the flag variety B of qc is the variety of all Borel (maximal solvable) subalgebras 
of 0c. The space i3 is a smooth complex projective variety. If the group G is compact, then 
all irreducible representations of G can be enumerated by their highest weights A lying in the 
weight lattice A C iQ* . 

The Borel- Weil-Bott theorem [Bott] can be regarded as an explicit construction of a holo- 
morphic G-equivariant line bundle C\ ^ B such that the resulting representation of G in the 
cohomology groups is: 

HP{B,OiCx)) = ifp/0, 
H\B,0{Cx))^7rx, 

where 7r\ denotes the irreducible representation of G of highest weight A. Then N. Berline and 
M. Vergne |BVlj . IBCirVj observed that the character of vr^, as a function on 0, can be expressed 
as an integral over i3 of a certain naturally deflned equivariantly closed form. They proved it 
by applying their localization formula Q and matching contributions from fixed points with 
terms of the Weyl character formula. (This is a restatement of Kirillov's character formula.) 
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Next we describe some recent results on representations of non-compact groups. We fix a 
connected complex algebraic linear reductive Lie group Gc which is defined over M. We will 
be primarily interested in a real Lie subgroup G C Gq lying between the group of real points 
Gc(M) and the identity component Gc(IR)''- We regard G as a real reductive Lie group (e.g. 
SL{n,R), GL(n,M), U{n), Sp{n),. . .). Because there may not be enough finite-dimensional 
representations, we consider topological vector spaces V of possibly infinite dimension with 
continuous G-action. A reasonable category of representations consists of admissible represen- 
tations of finite length. (A representation vr has finite length if every increasing chain of closed, 
invariant subspaces breaks off after finitely many steps; vr is admissible if its restriction to a 
maximal compact subgroup K contains any irreducible representation of K at most finitely 
often.) An irreducible unitary representation is always of this kind. Although trace of a linear 
operator in an infinite-dimensional space cannot be defined in general, it is still possible to 
define a character 9-,^ as an j4(i(G)-invariant distribution on q. 

M. Kashiwara and W. Schmid jKaSchnij generalize the Borel-Weil-Bott construction. In- 
stead of line bundles over the flag variety B they consider G-equivariant sheaves J- and, for 
each integer p £ Z, they define representations of G in Ext^(.7^, Og). Such representations turn 
out to be admissible of finite length. Let 9 be the character of the virtual representation of G 

j;(-lfExtf(D.F, 06(A)), 

p 

where OJ^ denotes the Verdier dual of J- and A is some twisting parameter lying in f)^ - the 
dual space of the universal Cartan algebra of gc- 

Then W. Schmid and K. Vilonen |SchV2j prove two character formulas for 6. Since ^ is a 
distribution on g, let (/? G C^is) be a test function on g and let dX be the Lebesgue measure 
on g. We also let T*B denote the cotangent space of B. Then the integral character formula 
says 

9{^) = [ a((^), 

where C({f) is an equivariantly closed form on T*B (which does not depend on J^), and Ch{J-) 
is the characteristic cycle of J- which lies in T*B. (Characteristic cycles of constructible sheaves 
were introduced by M. Kashiwara and their definition can be found in jKaScha,, ^SchVT] . 
|Schiij .) On the other hand, the fixed point character formula says 

9{^) = [ Fe^pdX, 

where Fg is an ^(i(G)-invariant locally L^-function such that its restriction to the set of regular 
semisimple elements of g can be represented by an analytic function. The value of this analytic 
function at a regular semisimple element X G g is given by the formula 

Fe{X) = (_2vr)<i'-«^/2 ^ mp{X) • Q{X), 

where Q{X) is the term which appeared both on the right hand side of and in the Weyl char- 
acter formula, and mp{X) is a certain integer multiplicity which is exactly the local contribution 
of p to the Lefschetz fixed point formula, as generalized to sheaf cohomology by M. Goresky 
and R. MacPherson [(irMj . These multiplicities are determined in terms of local cohomology of 
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In the special case when the group G is compact, the former reduces to Kirillov's character 
formula and the latter - the Weyl character formula. The fixed point formula was conjectured 
by M. Kashiwara 'Ka', and its proof uses a generalization of the Lefschetz fixed point formula 
to sheaf cohomology GM]. On the other hand, W. Rossmann |Rolj established existence of an 
integral character formula over an unspecified Borel-Moore cycle. These character formulas are 
proved in |SchV2j independently of each other using representation theory methods. 

5 New localization formula 

As in the previous section, we fix a connected complex algebraic linear reductive Lie group 
Gc which is defined over M, let G be a real Lie subgroup of Gc lying between the group of 
real points Gc(M) and the identity component Gc(M)'', and regard G as a real reductive Lie 
group. Our ambient space will be the holomorphic cotangent space T*M of a smooth complex 
projective variety M on which Gc acts algebraically. We will also assume that any maximal 
complex torus Tc C Gc acts on M with isolated fixed points. Then there are only finitely many 
of them because M is compact. (This condition is satisfied in all applications we have in mind.) 

Let a denote the canonical complex algebraic holomorphic symplectic form on T*M . The 
Borel-Moore cycles A C T*M over which we will integrate will be subject to the following three 
properties: 

• A is G-invariant; 

• A is real Lagrangian, i.e. RccjIa = and dimu A = dim^M; 

• A is conic, i.e. invariant under the scaling action of positive reals M^*^ on T*M (but not 
necessarily under the actions of or M^). 

Example 10 Let N G M be a closed G-invariant real submanifold, and let A be the conormal 
space T^M equipped with some orientation. 

An interesting example is G = GL{n,M) C GL(n, C) = Gc acting naturally on a complex 
Grassmanian Grc{k,n). Let N be the real Grassmanian Gr^(k,n) sitting inside Grc{k,n) and 

Remark 11 Any such cycle A can be realized as a characteristic cycle Gh{T) of some G- 
equivariant constructible sheaf ( ]KaSchal^ . \Sch Vl^ . \SchiJ^ ). 

Let U be another subgroup of Gc such that, letting u denote the Lie algebra of f7, we have 
an isomorphism u (^k C ~ gc- For instance, U may equal G, but in all applications we have 
in mind C/ is a compact real form of Gc, i.e. a maximal compact subgroup. We denote by 
f7(P''?)(M) the space of complex- valued differential forms of type (p, q) on M. We will consider 
forms a : gc ~^ Q.*{M) which satisfy the following three conditions: 

• The assignment X ^ a{X) G ^*{M) depends holomorphically on X G gc; 

• For each A; G N and each X G gc, 

p + q = 2k 
P>Q 

• The restriction of a to u C gc is an equivariantly closed form with respect to U. 
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Example 12 A [/-equivariant characteristic form a : u ^ Q*{M) associated to a [/-equivariant 
vector bundle over M (see Section 7.1 of |BGVj l satisfies the third condition. Since it depends 
on X £ u polynomially, a extends uniquely to a map a : gc ^ Q*{M) so that the first condition 
is satisfied. Finally, for each X £ Q£, 

k 

so that the second condition is satisfied too. This is the most important class of forms satisfying 
these conditions. □ 

Let : T*M ^ 0^ be the ordinary moment map: 

fi{0:X^{^,YFx), ^eT*M,Xeec. 

The integrals will be defined as distributions on g, so let ip G C^(g) be a test function, and let 
dX denote the Lebesgue measure on g. The new localization formula will apply to integrals of 
the following kind: 

[ ( I e<^'^(«>+'^ A ip{X)a{X) dx] , X G g, ^ G |A| C T*M. (2) 

The idea to consider integrals of this kind was inspired by the shape of the integral character 
formula described in the previous section. The inside integral 

f e^^'^'^^'>^+'' Aip{X)a{X)dX 

is essentially the Fourier transform of ip{X)a{X) which decays rapidly in the imaginary direc- 
tions of g^ — 0* © ^0*- We denote by 

supp(cr|A) 

the closure in T*M of the set of smooth points of the support | A| where a\ |a| 0. Then integral 
converges provided that the moment map is proper on supp((t|a). In particular, ^ is 
well-defined when /x is proper on |A|. 

Now the main result of |L4j says that if the support of (p lies in g' (g without a finite number 
of certain hypersurfaces) then integral ((2)) can be rewritten as 

,(x,M«)>+<x ^ ^{x)a{X) dx) = [ F^{X)ip{X) dX, 

J [dimu M] 7g 

where -F^ is an Ad{G Ci [/)-invariant function on g' given by the formula 

As in the fixed point character formula, mp{X) is an integer multiplicity equal the local con- 
tribution of p to the Lefschetz fixed point formula, as generalized to sheaf cohomology by 
M. Goresky and R. MacPherson |GMj . These multiplicities are determined in |L4j in terms of 
local cohomology of where J- is any sheaf with characteristic cycle Ch[T) = A. The set g' 
is essentially the set of regular semisimple elements of g on which the denominators det^'^^(Lp) 
do not vanish. 
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Remark 13 In the special case when A = M as oriented cycles, A is U -invariant, each multi- 
plicity mp{X) equals 1 and this theorem can he easily deduced from the classical integral local- 
ization formula (Theorem\B^ . 

Notice that the cycle A is invariant with respect to the action of the group G which need 
not he compact, while the form a : ^ i7*(M) is required to he equivariant with respect to a 
different group U only, and U may not preserve the cycle A. 

There are several important applications of the new localization formula In |Llj I 

give a geometric proof of the integral character formula by matching the contributions of the 
fixed points with the terms of the fixed point character formula. Article |L2j gives a very 
accessible introduction to |Llj and explains the key ideas used there by way of examples and 
illustrations. Another application of © is a generalization of the Gauss-Bonnet theorem to 
sheaf cohomology |L4j : the Euler characteristic xi^-,^) can be expressed as an integral over 
the characteristic cycle Ch{J-) of an extension of the equivariant Euler form. This formula is 
proved by comparing the contributions of the fixed points with M. Kashiwara's generalization 
of the Hopf index theorem stated as Corollary 9.5.2 in [KaScha^, 

x{M,J^) = i^{[M]r^Ch{J^)), 

where [M] is the fundamental cycle of M. In |L5j I use ^ to prove a Riemann-Roch-Hirzebruch 
type integral formula for characters of representations of reductive groups. These results 
strongly suggest that many statements which previously were known in the compact group 
setting only can be generalized to non-compact groups. 

The proof of © utilizes a combination of two deformations and its idea can be outlined as 
follows: 

• The integrand of © is a closed differential form (easy). 

• We introduce the first deformation 

Qt{X) ■.T*M ^T*M, X e 0, t e [0,1], 

for the purpose of making the integral 

I fe<^'^(«)>+'^ A ^(X)a(X)) dX (4) 

Jgxei(X)4A)^ /[dimuM] 

absolutely convergent for t € (0, 1], and Qq{X) is the identity map. 

• The crux of the matter is that the integrals and ((IJ) are equal, i.e. the integral @ 
stays unchanged after this deformation. This statement is not at all obvious since the 
integral is not absolutely convergent. 

• For each sufficiently regular X G g, the cycle A is homologous to 

^ mp{X)-T;M 

inside the set 

{eGT*M; Re(X,/i(0> <0} (5) 
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(linearization theorem). Here each cotangent space T*M is given some orientation. Notice 
that the expression (X, appears in the exponent of the integrand, thus one should 
expect good behavior of the integral as the cycle is deformed inside the set ©. Combining 
this with the first deformation, we obtain a deformation of 0t(X)^(A) into 

^ m^{X)-@t{XUT;M). 

The integral (0]) stays unchanged during the above deformation of 0t(X)^,(A). This is 
essentially because the integrand is a closed form and the convergence of Q) is absolute. 

The contribution of each cycle 0t(X)*(TpM) to the integral is exactly 

det^/^ (Lp) 



6 Duistermaat-Heckman measures 

As before, G is a linear real reductive Lie group with complexification we denote by 
Q and Qc their respective Lie algebras. We pick another subgroup U of Gc such that, letting 
u be the Lie algebra of C/, we have an isomorphism u ®ir C ~ gc- For instance, U may equal 
G, but in most interesting situations [/ is a compact real form of Gc (i-e. a maximal compact 
subgroup). 

Let M be a smooth complex projective variety equipped with an algebraic action of Gc 
preserving a complex-valued 2-form w, and suppose that the restriction of the Gc-action to 
U is Hamiltonian with respect to to. In other words, there exists a moment map (/> : M — > 
u* Or C ~ s^ch that 

i{\¥x)oJ = -d(t){X), yX G u, 

where t(VFx) denotes contraction by the vector field VFx induced by the infinitesimal action 
of X on M. Note that we do not require the 2-form uj to be symplectic, i.e. _^ 
Even the case w = 0, i;^> = is interesting enough, but, of course, symplectic forms are the most 
interesting ones. We can regard (/> : M ^ as a map '■ Qc ^ C°°{M). Then uj + (p \s an 
equivariantly closed form on M for the action of U . 

Recall that a denotes the canonical complex algebraic holomorphic symplectic form on the 
holomorphic cotangent bundle T*M, and /i : T*M — > is the ordinary moment map. As in 
the previous section, we fix a G-invariant real-Lagrangian cycle A C T*M which is conic with 
respect to the scaling action of R^*^. 

Set n = dime M. The Liouville form 

= (exp(^ + a))p„] 

determines a measure /?a on A. We will call the pushforward of this measure (0 -|- /i)*(/3A) on 
g^ the Duistermaat-Heckman measure. That is, for a compactly supported smooth function 
/ e C-(g£), 

[ fdicP + I^UPA) =def / ^^^^^^/o(</) + ^). (6) 
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The right hand side of © converges whenever the map + /i is proper on the set supp(c7|a)- 
This happens whenever /i is proper on supp(cr|A). In particular, the pushforward {(j) + ^^)*{I3\) 
is weh-defined when /i is proper on |A|. 

Duistermaat-Heckman measures are important invariants of symplectic manifolds and there 
are so many papers on this subject that it is impossible to list them all. At first an explicit 
formula was given by J. J. Duistermaat and G. J. Heckman |DHj using the method of exact 
stationary phase in the special case when G is a compact torus acting with isolated fixed points. 
It was extended to compact non-abelian groups by V. Guillemin and E. Prato |GPj . Then it 
was extended to compact non-abelian groups acting with possibly non-isolated fixed points by 
L. Jeffrey and F. Kirwan |JKj . Many recent results on Duistermaat-Heckman measures are 
obtained by computing their Fourier transforms using the integral localization formula and 
then inverting these Fourier transforms. 

Since the cycle A is G-invariant, the moment map /i takes purely imaginary values on its 
support |A|: 

^(|A|) C iQ* C ~ 5£. 

Since M is compact, the support of [(j) + ^)*(/?a)i which must be a subset of {(j) + //)*(|A|), is a 
subset of 5c — 0* © iQ* with bounded real part. 

The Fourier transform of the Duistermaat-Heckman measure is a distribution on g, i.e. a 
continuous linear functional on the space of test functions C'^{q). Following the conventions 
of |Llj . |L4j and |SchV2j we define the Fourier transform of 99 S C'^{q) without the customary 
factor ol i = yf—l in the exponent: 



<^(C)= / e<^'^VW^i^, ^G0, CG 



Notice that ip{C,) decays rapidly as C — * 00 and the real part of C stays uniformly bounded. 
Hence the value of the Fourier transform of {4> + /^)*(/3a) at (/? G C^(g) is 



= J ^e<^''^+^«)V(X)dx) + X G 0, e G |A| C T*M. (7) 

We introduce a f7-equivariant form a : Qc ^ $7*(M): 

a{X) =exp{(l){X) +uj), 
then formula ^ can be rewritten as 

(<A+^/3a)M= / (/e<^''^«»+'^Av^(X)a(X)dx) X e Q, ^ e \A\ C T* M. (8) 



/A^Jg /[dimuM] 

This integral is exactly of type ((U, hence convergent (essentially because (p{C) decays rapidly as 
C — > 00 and C G ((/>-|- ^)*(|A|)). Since we want to apply the generalized localization formula ©, 
we assume that any maximal complex torus Tc C Gc acts on M with finitely many isolated 
fixed points and that 

Then Q says that the restriction of the Fourier transform of the Duistermaat-Heckman measure 
© to 0' (a certain open dense subset of g) equals 

(0+75r(/3A)M= / FUXMX)dX, 
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where is an Ad{G PI [/") -invariant function on q' given by the formula 

mp{X)- 

r 

peM^ 



r,pMX det [Lp) 



where is the set of zeroes of the vector field VFx on M, and mp(X)'s are certain integer 
multiplicities. 
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